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Robust Controller Synthesis
for a Large Flexible Space Antenna
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Old Dominion University Research Foundation, Norfolk, Virginia

and
S. M. Joshif and E. S. Armstrong^

NASA Langley Research Center, Hampton, Virginia

The linear-quadratic Gaussian/loop-transfer-recovery method is used to synthesize a fine-pointing control
system for a large space antenna. A finite-element model for the 122-m hoop/column antenna is employed, and
a compensator, utilizing attitude sensors and torque actuators, is designed which achieves pointing performance
while maintaining stability robustness to unmodeled dynamics. Inclusion of the rigid-body modes plus the first
three elastic modes is found to be necessary to achieve a 0.1-rad/s bandwidth. Results are obtained by employing
a modification of the standard robustness recovery procedure, which reduces the conservative nature of the
design methodology. Performance degradation is encountered due to the presence of unavoidable invariant
zeros within the design bandwidth.

I. Introduction

ONE of the planned activities of NASA's Space Transpor-
tation System is the placement in Earth orbit of a variety

of large space antennas. Potential space missions are expected
to require antennas and structures ranging from 30 m to 20 km
in size. Applications include communications (mobile),
remote sensing (soil moisture, salinity, etc.), deep space net-
work (orbital relays), astronomy (x-ray, observatory, optical
array, radio telescope, very long baseline interferometry, etc.),
energy, and space platforms. Specific missions have been
pinpointed and future requirements have been identified for
large space antennas for communications, Earth sensing, and
radio astronomy.1 Particular emphasis is. placed on mesh-
deploy able antennas in the 50-120-m-diam category. One such
antenna is the Maypole (hoop/column) antenna, shown
schematically in Fig. 1, which basically consists of a
deploy able central mast attached to a deploy able hoop by
cables held in tension.2 The deployable mast consists of a
number of telescoping sections, and the hoop consists of 48
rigid segments..The reflective mesh, which is made of knit
gold-plated molybdenum wire, is attached to the hoop by
graphite fibers. The mesh is shaped using a network of string-
ers and ties to form the radio-frequency (rf) reflective surface.
In order to achieve required rf performance, the hoop/column
antenna must be controlled to specific precision in attitude
and shape. For example, in missions such as the land mobile
satellite system (LMSS) for providing mobile telephone service
to users in the continental United States; it is necessary to
achieve a pointing accuracy of 0.03 deg rms (root mean
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square) and a surface accuracy of 6 mm rms. It is also
necessary to have stringent control on the motion of the feed
(located near one end of the mast) relative to the mesh.
Because of its large size and relatively light weight, the an-
tenna is highly flexible with a large number of significant
elastic modes. Dynamic equations used to model the structure
mathematically have many resonant frequencies, some of
which may be very low and closely spaced, and natural damp-
ing is very small. For these reasons, control of large space
structures is a challenging task.3 Since the system is inherently
of high order, a practical controller has to be based on a
reduced-order "design" model. Furthermore, the parameters
(i.e., frequencies, mode shapes, and damping ratios) of the
system are known imprecisely. This, in turn, introduces addi-
tional modeling errors.

Reduced-order control synthesis for the hoop/column
antenna using the standard linear-quadratic-Gaussian (LQG)
theory was investigated in Refs. 4 and 5. The standard LQG
procedure yielded satisfactory control, i.e.., rigid-body band-
width of up to 0.25 rad/s, satisfactory time constants for the
elastic modes, and acceptable rms pointing errors in the
presence of sensor noise. However, the LQG approach in Ref.
4 used a large number of actuators and sensors (four three-axis
torque actuators and four three-axis attitude and rate sensors).
The main problem with the LQG method was that a large
number of weighting parameters had to be simultaneously ad-
justed to obtain a good design. In addition, the stability
robustness property with respect to inaccuracies in the modal
parameters could not be properly evaluated because it was dif-
ficult to characterize effectively the bounds on modeling er-
rors in a time-domain setting. In order to reduce these dif-
ficulties, one normally checks the control design for
robustness after the control design is completed using LQG or
any other method. Attempts have been made to characterize
bounds on parameter uncertainty in a time-domain setting
(see, for example, Ref. 6). However, meaningful time-domain
characterization of simultaneous errors in model order and
parameter uncertainties is still an open area of research.
Another approach is to use frequency-domain characteriza-
tion of modeling errors. Such an approach using frequency-
domain singular-value measures was presented in Ref. 7 for a
large space structure using different control design methods,
such as LQG, integral feedback, frequency-shaped LQG, etc.
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Unlike the foregoing methods, the linear-quadratic-
Gaussian/loop-transfer-recovery (LQG/LTR) approach pro-
vides a means of including robustness-to-uncertainties in the
control design process itself. Also, since it operates in the fre-
quency domain, it extends the basic frequency-domain design
guidelines, such as bandwidth, crossover frequency, etc., from
a scalar system to a multivariable system.

The robust control synthesis methodology, which uses
frequency-domain matrix norm bounds (i.e., singular values),
has received considerable attention in the recent literature.8"13

The basic framework for frequency-domain synthesis using
the LQG/LTR methodology was developed in Refs. 8-10. It
has been applied to diverse systems, such as power systems,11

aircraft control,12 and aircraft engine control.13 The
LQG/LTR design philosophy uses a low-frequency "design
model" of the plant and a high-frequency characterization of
the modeling errors. This method, which characterizes
unstructured uncertainty with singular-value bounds, appears
to be particularly well suited for the control of large flexible
spacecraft due to the considerable modeling inaccuracy that
inherently exists in the mathematical models.

the purpose of this paper is to investigate the use of
LQG/LTR multivariable frequency-domain methodology in
the design of an attitude control system for the hoop/column
antenna. A low-order compensator is obtained by treating a
sequence of finite-element design models ordered with increas-
ing modal frequency and choosing the final design model as
the first one which allows the performance/robustness objec-
tives to be met. In this sequence of design models, the first one
consists of the rigid-body modes only. Subsequent design
models are obtained by the successive addition of flexible
modes. The designs use three-axis torque actuators, collocated
attitude sensors, and attitude feedback.

The organization of this paper is as follows: The
mathematical model of the system is described in Sec. II. The
control objective is briefly discussed in Sec. Ill, followed by a
brief description of the LQG/LTR technique in Sec. IV, The
reduced-order (low-frequency) design model and the high-
frequency model uncertainty barrier are also discussed in this
section. Section V presents the results of synthesizing the con-
troller based on the preceding procedure using only attitude
feedback. Some of the problems and limitations observed are
also highlighted. Based on the study results, the conclusions
are summarized in Sec. VI.

II. Mathematical Model
As a consequence of its large size and light weight, the

hoop/column antenna is a highly flexible system having a
large number of significant structural modes. A finite-element
model of the antenna2 is used herein. The mathematical model
considered consists of rotational rigid-body dynamics (about
the three axes) and the elastic motion. It is assumed here that
control will be accomplished by using nT three-axis torque ac-
tuators. The linearized equations of motion are

(1)

(2)

where Is is the 3x3 inertia matrix, 7} is the three-axis torque
applied by the y'th actuator, cts=(<j>s, Os, \l/s)T denotes the
rigid-body attitude, q is the nq x 1 modal amplitude vector (for
nq structural modes), and Z>==2 diag (picols p2o>2» ...» Pn^n) is
the inherent damping matrix (where p, is the damping ratio for
the /th mode). $ is the mxng "mode-slope" matrix (where
m = 3«r), t t=(rf, 7f, ..-, Tn

T
TY is the mxl vector of ac-

tuator torques, and A= diag (cof, a?2,, ..., a^), where a>, is the
frequency of the /th elastic mode. The rigid-body parameters
and the first ten elastic frequencies are given in Table 1. Each
Pi is assumed to be 0.01 for /== 1, 2, ..., n.

Normally, the sensors used include attitude and rate
sensors. The three-axis attitude sensor (e.g., a star tracker)
output is given by

(3)

where \l/ is the 3 x nq mode-slope matrix at the sensor location
and w is the sensor noise. If an attitude rate sensor (e.g., a rate
gyro) is used, the sensor output yr is given by an equation
similar to Eq. (3), except that ots and q are replaced by cts and
#, respectively. Torque actuators and attitude sensors are
assumed to be located near the top of the mast at the antenna
feed (Fig. 1).

Defining x= "(otjt o£ qT, qT)T as an n x 1 vector, the state
space model can be written in the following form:

(4)

(5)= CFx+w

The sensor noise w is not used in the design process in this
paper; however, it will have to be included when computing
the rms pointing errors. Ignoring the noise, the transfer matrix
between the input (three-axis torque) and output three-axis at-
titude) is given by

where

G2(s) =-

(6)

(7)

(8)

\l/i ; and <t>i represent the mode-slope matrices at the sensor and
actuator locations corresponding to the /th mode.

_______Table 1 Antenna parameters_____'

Rigid-body parameters
• •________Mass = 4544.3 kg ___________

Inertia about axes through center of mass, kg-m2

7^ = 5.724 XlO6 / = 5.747 XlO6

7^ = 4.383 XlO6 7^=7^=7^ = 0

Structural mode frequencies, rad/s
0.75, 1.35, 1.7, 3.18, 4.53, 5.59, 5.78, 6.84, 7.4, 8.78

Table 2 Eigenvalues of the full closed-loop system

8.535 XlO- 3 ±78,
7.557 x 10 ~2 ±7!
7.604 X 10 -2±7l,
2.237 XlO-1 ±7*2,
2.330x10-^72
2.379 X 10 -1 ±72
7.466 X 10 -3±7'7

,054xlO-2

,250 XlO- 1

248 XlO- 1

.113X10-1

•.466X10"1

-1.346 X 10 ~2 ±7*1.346
.3733.076x10-^71

1.016 ±7! .267
1.702xlO-2±7l
4.028x10-^71
3.181XlO-2±73
4.422 X 10 ~2 ±74
5.579 Xl0~ 2 ±7*5
5.731 X l O ~ 2 ±jS.
6.685 X10'2 ±J6.
6.390xlO-2±7'7
8.326 Xl0~ 2 ±78

.702

.737

.181

.529

.590

.776

.841

.401

.782
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III. Design Objectives
The basic design objectives for the control systems are: 1) to

obtain sufficiently high bandwidth (i.e., closed-loop frequen-
cies corresponding to the rigid-body modes) and satisfactory
closed-loop damping ratios for the rigid-body and structural
modes; and 2) to obtain satisfactory rms pointing errors, feed
motion errors, and surface errors. The first design objective
arises from the need to obtain sufficiently fast error delay
when a step disturbance (such as sudden thermal distortion
caused by entering or leaving Earth's shadow) occurs. The sec-
ond design objective arises from the rf performance re-
quirements. These two objectives may not necessarily be com-
patible, and may even be conflicting. For example, the use of
increased feedback gains for obtaining higher bandwidth and
damping ratios will, in general, result in higher rms errors
(because of the amplified effect of sensor noise) beyond a cer-
tain point. Therefore, it is necessary to consider carefully the
tradeoffs between the speed of response and lower rms error.
In this study, the main control system specification is that a
minimum bandwidth of 0.1 rad/s for the closed-loop system is
to be ensured. The upper limit on the low-frequency gain is
not specified, but it is desired that it should be as high as possi-
ble. Also, for this study no specification on rms errors was
made; this aspect along with measurement noise will be con-
sidered in the future.

IV. Design Procedure
The LQG/LTR method has been described in detail in Refs.

8-10. A tutorial description and an example application are
given in Ref. 12. Here, the main steps are summarized first
and then each step is discussed in detail.

1) Define a "design" model of the nominal plant, which is
an acceptable low-frequency representation. Define the high-
frequency uncertainty (robustness) barrier and the low-
frequency performance barrier.

2) Design a full state feedback compensator based on the
steady-state Kalman-Bucy filter (KBF). This assumes that the
loop is broken at the output. Adjust the weighting matrices in
the KBF design until its frequency response meets the
robustness specifications at high frequencies and bandwidth
specification at low frequencies.

3) Design a LQ regulator to "recover" asymptotically the
frequency response obtained in step 2.

4) Verify stability, robustness, and performance for the en-
tire closed-loop system.

The first step, which consists of the definition of the plant
and the uncertainty (robustness) barrier, is often the most im-
portant. The basic problem in controlling a flexible structure
is the presence of a large number of lightly damped structural
modes. Practical limitations necessitate the use of reduced-
order controllers. Therefore, the uncontrolled modes, as well
as the error in the knowledge of the controlled modes, repre-
sent uncertainty. Since the number of structural modes is
usually large and finite-element modeling accuracy typically
decreases with increasing model frequency, the design model
should consist of the rigid-body mode plus the first few elastic
modes. The remaining structural modes then (partly) con-
stitute the plant uncertainty. In order to obtain an acceptable
low-frequency representation, the design model must include
at least the three rigid-body modes. The uncertainty barrier is
a measure of the plant uncertainty at high frequencies. The
plant uncertainty can be represented as either multiplicative or
additive uncertainty (Fig. 2). The multiplicative uncertainty
form is preferred in the literature on robustness because the
compensated transfer function has the same uncertainty
representation as the raw model. However, since flexible
structure models exhibit naturally the additive uncertainty
form of the transfer function matrix, this will be used in the
following studies. The LQG/LTR approach required the
characterization of the uncertainty in terms of a frequency-
dependent upper bound. Frequency-domain sufficient condi-

Feeds and feed panels

Upper mast
(Attitude sensor )« : ,
{Torque actuator |{3axis)

Upper hoop support cables

•Lower hoop support cablesr j^
Lower solar panels-

Fig. 1 Hoop/column antenna concept.

Multiplicative uncertainty

I AG

Additive uncertainty

Fig. 2 Definition of uncertainty.

1 . , / / //
v|s (Lpj^jxRobustness barrier
s ̂ \. ^(multiplicative uncertainty)

Performance'
specifications

a (AGk
Robustness barrier'

(additive uncertainty)/

Frequency, rad/sec
Fig. 3 Performance and robustness barriers.

tions are used to test the robustness in the presence of uncer-
tainties within that bound.

For the case of multiplicative uncertainty, Lp (s) of Fig. 2,
the closed-loop system is stable if

where Gp(s) and Gc (s) are the design model (plant) and com-
pensator transfer matrices, and a and a denote the largest and
the smallest singular values of the argument matrix, respec-
tively. At high frequencies, assuming \\[Lp(ju)] \\>l and
|| [Gp (ju)Gc(yo?) ]|| < 1, condition (9) approximately yields

&(GPGC)<- (10)

The "uncertainty (or robustness) barrier" is an upper bound
tm (u) on a(Lp). The system is stable in the presence of such
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Singular
values

Frequency, rad/sec

Fig. 4 Singular values of full nominal plant.

unstructured uncertainties if a[GpGc] <£~l (co) at high
frequencies.

When the additive uncertainty formulation (Fig. 2) is used,
a sufficient condition for stability robustness is given by14

a(I+GpGc)
o(Gc) (11)

At high frequencies, assuming ||GpGc||<l,-Eq. (11) (approx-
imately) yields

a(G c)<l/a(AG) (12)

That is, the compensator must roll off sufficiently rapidly at
high frequencies. The main objective of the LQG/LTR ap-
proach is to first design a full state compensator (based on
KBF) which has the behavior of the desired loop transfer
matrix (i.e., the loop gain GPGC). Therefore, (from step 2)
any loop shaping should involve the product GPGC rather than
Gc alone as in Eqs. (11) and (12). Assuming that Gp is a square
matrix,

GC = G~1(GPGC) (13)

or

(14)

Using Eqs. (11) and (14), the following sufficient condition for
stability robustness is obtained:

a(I+GpGc)a(Gp)
o(GpGc)

>a(AG) (15)

The second step in the design procedure is to design a full
state feedback compensator having desirable singular-value
properties. The performance of the closed-loop system
depends^ on the low-frequency gain and the crossover fre-
quency~bf the loop transfer matrix GpGc\ that is, on the
behavior of a[GpGc]. Larger low-frequency gain and
crossover frequency indicate better tracking performance.
Thus, a[GpGc] should lie above the performance specifica-
tion, as shown in Fig. 3. The other requirement is the stability
robustness in the presence of model uncertainties. If the
multiplicative uncertainty formulation is used, according to
Eq. (10), the a[GpGc] plot should pass under the robustness
barrier a"1 (Lp) at high frequencies (Fig. 3). On the other
hand, if the additive formulation is used, the robustness con-
dition (15) should be satisfied (Fig. 3). The advantage of an
LQG-based full state design is that it has excellent classical
properties, and its frequency response can be shaped in the

desired manner (to satisfy both performance and robustness
specifications) by varying the weighting matrices.9 As dis-
cussed in Ref. 8, this design can be accomplished using the
LQR Riccati equation if the loop is broken at the plant input,
or the KBF Riccati equation if it is broken at the point where
the residual signal enters the KBF. Herein we select the latter
because the objective is to control the attitude output. This
selection is also consistent with Refs. 10-13. The KBF equa-
tions are

and

(16)

(17)

where L and //, are the design parameters, L being an nxm
matrix and /* a scalar. The matrix H is the KBF gain and E is
the corresponding Riccati matrix. The KBF loop transfer
matrix is given by

GKP(s)=C(sI-A)-lH (18)

Generally the frequency response o(GKF(ju)) would shift
higher as> decreases, and the crossover frequency can be ad-
justed by changing L.1

Having obtained satisfactory singular-value behavior of
KBF, the next step is to design an LQR to "recover" the
desired frequency response. This is accomplished by solving
the algebraic Riccati equation

ATP+PAT-PBBTP + qCTC= (19)

= 10 '

Singular -4
values iu

10"' 10 L 10U

Frequency, rad/sec

Fig. 5 Stability robustness test [Eq. (15)] for KBF-based loop
shaping.

10 J

l(f2

_
Singular 10 '

values 10''

_
10
10-10

ID'2 ICf1 10° 101

Frequency, rad/sec

Fig. 6 Singular values of GKF and "recovered" GpGc.
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where P is the Riccati matrix and q is a positive scalar. The
control gain matrix G is given by

(20)

It has been proven in Refs. 8 and 9 that the loop transfer
matrix GpGc for the overall system (consisting of the plant,
the KBF, and the LQR) tends to 0^(5) as <?^oo, provided
that the open-loop plant has no transmission zeros in the right
half-plane. The compensator Gc(s), after recovery, is given
by

Gc(s)=G(sI-A+BG + HC) (21)

Since the compensation obtained has no guaranteed
robustness properties, the last step will consist of testing the
eigenvalues of the entire closed-loop system to ensure stability
and robustness. If instability is discovered, it will be necessary
to return to step 2 and redesign the KBF for lower bandwidth
and the LQR for robustness recovery. If this does not produce
satisfactory results, it would then be necessary to return to
step 1 and include more elastic modes in the design model. Ap-
plication of the foregoing LQG/LTR procedure for the
hoop/column antenna is described in the following section.

V. Controller Design by the LQG/LTR Method
Using Attitude Feedback

The foregoing procedure has been applied to the
hoop/column antenna model. The computation of singular
values of various matrices (e.g., loop transfer, return dif-
ference, inverse return difference matrices) was carried out us-
ing a recently developed multivariable frequency-domain
analysis software package (FREQ), and the LQG designs were
carried out using ORACLS.15 The nominal plant includes

Singular -4
values 10

10" O'1 10°
Frequency, rad/sec

101

Fig. 7 Stability robustness test [Eq. (11)] based on the recovered
compensator.

three rotational rigid-body modes and the first ten elastic
modes. We assume three torque actuators; hence, the order of
B matrix is 26x3. Assuming three attitude sensors (one for
each axis) at the same location as the actuators, C is a 3 X 26
matrix. The plant, input, and output matrices were obtained
from a finite-element analysis of the antenna.

Before starting the controller design, the maximum and
minimum singular values (a and a) of the full, nominal, open-
loop plant transfer matrix were obtained and are shown in Fig.
4. The a-plot clearly shows the peaks at the elastic mode fre-
quencies (i.e., the poles), the most prominent being the first
mode near 0.75 rad/s. The dips in a indicate the presence of
transmission zeros for the multivariable plant at those fre-
quencies. The controller synthesis studies are performed using
the design model consisting of 1) the rigid-body model (« = 6,
^ = 0), 2) the rigid-body and the first flexible mode (« = 8,
nq = 1), and 3) the rigid-body and the first three flexible modes
(n = 12, nq = 3). The measurements available are the three at-
titude angles at the feed location. One three-axis torque ac-
tuator is used at the same location. The compensator is de-
signed based on these sensors and actuators.

Rigid-Body Model
In this section the controller design is carried out based only

on the rigid-body design model. The singular values of the
rigid-body transfer matrix (n = 6) are proportional to \/s2.
The corresponding additive uncertainty AG, which consists of
the (20th-order) flexible dynamics, is plotted in Fig. 5. Figure
5 indicates the presence of poles near the undamped flexible
mode frequencies of 0.75,1.35 rad/s, etc. Also, the pole of the
first mode frequency of 0.75 rad/s produces the highest peak
since it is most lightly damped. (The importance of this fact
will be seen later when the stability condition is violated at this
point.)

For this sixth-order design model, a compensator design
was carried out using the Kalman filter design methodology to
achieve satisfactory performance (i.e., large gain and band-
width) at low frequencies and robustness at high frequencies.
This design was carried out using the Kalman filter Riccati
equation (16). The Kalman-Bucy filter transfer matrix GKF(s)
is given in Eq. (18). Appropriate loop shaping can be ac-
complished by proper choice of the weights /* and L in Eq.
(16). Since the controller design model is of the form 1/s2, one
can analytically evaluate the singular values of /+ GKF using
Eqs. (16) and (17). Assuming p = 1 and L=(Ll9L2)T, the left-
hand side of condition (15) can be evaluated. For Ll =0 and
L2 = k2I, it can be shown that Eq. (15) is satisfied with
&2 < 10~7. This implies that the Kalman filter gain computed
using Eq. (17) will be very low. Figure 5 shows plots for condi-
tion (15) with two L matrices generated by L1=0 and
fc2 = 10-6 and 10~7. The right-hand side of Eq. (15) is also
plotted in Fig. 5. It is evident that condition (15) is satisfied for
A:2 = 10~7. As k2 is decreased further, the curve shifts upward
thus increasing the margin.

Singular 10

values

10 * 10" 10J

Frequency, rad/sec

Fig. 8 Singular values of recovered loop transfer matrix GpGc.

Singular
values

Frequency, rad/sec
Fig. 9 Stability robustness test [Eq. (11)] for one-mode model.
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The next step consists of LQ regulator design. Having ob-
tained an acceptable compensator through Kalman-Bucy filter
equations, the LQ regulator is realized via the loop transfer
recovery method.9 Singular-value plots of the complete loop
transfer matrix GPGC (s) (which consist of the plant, the KBF,
and the LQR) were made for different values of the weighting
parameter q [Eq. (19)]. The selected value was q= 106 with
resulting a shown in Fig. 6. It is easy to check condition (11) in
this case. As q is increased, the plots approach those of the
compensator obtained from the Kalman filter design ap-
proach. The LQR design for <?=106 was considered to be
satisfactory.

The standard LQG/LTR procedure requires the definition
of the "desired" loop transfer characteristics (see step 2 in
Sect. III). That is, a(GKF) must satisfy the low-frequency per-
formance specifiatlons, and a(GKF) must satisfy the high-
frequency robustness specifications. Thus, in the presence of
additive uncertainty AG, the procedure states that the
robustness condition

a(GKF)
->a(AG) (22)

should be satisfied. However, in the case described previously,
it was found that the preceding condition makes the "desired"
design (GKF) extremely conservative. From Fig. 6, it is seen
that the closed-loop bandwidth is quite low and nowhere near
the desired value of 0.1 rad/s. Therefore, recovering this con-
servative loop gain yields a compensator with poor perfor-
mance. This fact led to a modification of the LQG/LTR pro-
cedure. In particular, the preceding robustness test on GKF is
omitted in the modified procedure. Instead, the recovery is
carried out first, and then the (less conservative) stability test
[Eq. (11)] is applied directly for the compensator Gc. The
Kalman filter transfer matrix GKF is based only on the desired

Singular
values 1Q-3

10"2 n-1 10U 10*
Frequency, rad/sec

Fig. 10 Singular values of GpGc for one-mode model.

performance and not on satisfying the stability test of Eq.
(15). With the revised test on Gc, the following choices of L
and IJL were

L =
0

10~2/ (23)

Using the recovery procedure, the compensator is obtained
for this case with #=104. The resulting stability test [Eq.
(11)] is shown in Fig. 7. It is seen that the stability margin is
lowest at the first mode frequency (0.75 rad/s). Any increase
in the gain (obtained by q> 104) resulted in violation of stabil-
ity condition at that point. The overall loop bandwidth is ob-
tained from the singular values of the loop transfer function
GpGc shown in Fig. 8. It is seen that the bandwidth [i.e., the
frequency at which a(GpGc)= 1] is far short of the required
0.1 rad/s. In order to increase the bandwidth, the gain has to
be increased by increasing q. However, this results in the viola-
tion of the stability condition (11). Thus it is evident that, with
a rigid-body design model, it is not possible to meet the perfor-
mance specifications.

One-Flexible-Mode Design Model
To overcome the preceding problems, the next alternative

considered was whether the inclusion of the first flexible mode
(0.75 rad/s) in the design model would improve the perfor-
mance. The inclusion of the first flexible mode, which is
predominantly a torsion mode, results in a design model of
order 8. The singular value a of AG shown in Fig. 9 is an order
of magnitude lower than that in Fig. 5 (wherein AG consisted
of all the flexible modes). The first peak of a(AG) occurs at
1.35 rad/s, which is the frequency of the second mode. This is
the critical point in the stability test [Eq. (11)]. After a
number of trials, the following choice of L and p was made to
obtain the desired performance GKF.

L =

0

10-2/2 0 (24)

The recovery is obtained for q = 105 and the stability test is
shown in Fig. 9. Figure 9 indicates the critical point to be at
about 0.28 rad/s. There is a good margin at the peaks of AG
due to upward sloping of the upper curve. The resulting loop
transfer function (GpGc) plots are shown in Fig. 10. The plots
indicate that the required 0.1-rad/s bandwidth is not obtained
(although it is much higher than the rigid-model case). Any in-
crease in the gain (for q> 105) was found to result in the viola-
tion of the stability condition (11). Figure 10 indicates that

Singular
values

10 <

io":

ID''

10"!

10H
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Fig. 11 Singular values of Gp for three-mode model.
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Fig. 12 Stability robustness test [Eq. (11)] for three-mode model.
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presence of an open-loop invariant zero near 0.082 rad/s,
which was also confirmed by independent computations. This
zero is almost on the imaginary axis (i.e., the transfer matrix is
close to being nonminimum phase). Therefore, as would be
expected, the recovery procedure is not very effective for mak-
ing GpGc approximate GKF.

Three-Flexible-Mode Design Model
In order to improve the performance further, the next step

was to include the first three flexible modes in the design
model. It is. logical to do this because they represent the first
modes about each axis, i.e., the first torsion mode and the first
bending modes in the XZ and YZ planes. Thus, the order of
the design model was 12. The singular-value plots for Gp and
AG are shown in Figs. 11 and 12, respectively. It is seen from
Fig. 11 that Gp has zeros near 0.082 and 0.22 rad/s, and poles
near 0.75,1.35, and 1.7 rad/s. It is seen from the AG plot (Fig.
12) that a is considerably lower than that in Figs. 7 and 9.
After numerous trials, the following choice of the L matrix
and the scalar pt was made for a suitable GKF:

0

-.10-73
io-4/2 0
io-4/2 o
10-4/2 0_ (25)

The recovery was accomplished with .qr'=1010. The stability
test is shown in Fig. 12. It can be seen that condition (11) is
satisfied with a wide margin. Also, at the peak for AG (at 8
rad/s) the upper curve slopes upward, indicating good
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Fig. 13 Singular values of the compensator Gc for three-mode
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Fig. 14 Singular values of GpGc for three-mode model.

tolerance of high-frequency uncertainty. The limit for increas-
ing the gain (indicated by the lowest point in the upper curve in
Fig. 12) occurs at about 0.3 rad/s. The resulting compensator
Gc is shown in Fig. 13. The gain of Gc is much higher than
that obtained in the previous cases. Generally, the LQG/LTR
technique attempts to choose Gc in such a way that the pro-
duct GPGC is replaced by GKF (i.e., is attempting to invert Gp
in the frequency range of interest). The three-mode design
plant shown in Fig. 11 has elastic mode eigenvalues at
-0.0075 ±yO,75, -0.0135±/l.35, and -0.0170±/l.70. Fig-
ure 13 shows that Gc has zeros with frequencies near these
locations. The design plant also has transmission zeros at
.-0.9xlO~4±y0.082, -0.37XlO-3±y0.22, and —0.29X
10~3 ±y'0.22, which are retained by Gc. The plots for the loop
transfer matrix GPGC are given in Fig. 14. It is seen that a
bandwidth of 0.1 rad/s is obtained except for the presence of
the invariant zero near 0.082 rad/s, which causes some
deterioration of performance. At frequencies past 0.4 rad/s
GPGC behaves likes GKF and eventually rolls off at 60 dB/
decade. Also, a and a are closely spaced, indicating good
system behavior. Thus is it seen that inclusion of the first three
modes in the design model yields a robust compensator which
also meets the bandwidth specifications.

The final step is to check the stability of the complete
nominal system when the compensator Gc(s) designed
previously is used. The overall closed-loop system is

Ap -BFG

HCF A-BG-HC (26)

where the subscript F is used to denote the full-order nominal
plant, and x denotes the state estimate for the design model.
The eigenvalues of the overall closed-loop system using the
three-mode controller are given in Table 2. It can be seen from
Table 2 that the overall closed-loop system is stable.

VI. Concluding Remarks
The linear-quadratic-Gaussian/loop-transf er-recovery

multivariable frequency-domain technique was employed in
the design of an attitude control system for a large flexible
space antenna. This approach was noted to be useful for
alleviating spillover effects common to large-space-structures
control problems modeled from finite-element data. The
design objective of avoiding excitation of higher-order modes
while satisfying performance criteria was met by including
these modes in the robustness uncertainty barrier.

Design was; based on a reduced-order model chosen as the
rigid-body dynamics plus the fewest number of low-frequency
vibrational modes necessary to meet a desired closed-loop
bandwidth. Inclusion of the first three vibrational modes (cor-
responding to the three axes) was found to be necessary to
meet a 0.1-rad/s bandwidth. For wider bandwidths, design
models with greater than three .modes may be needed. A
satisfactory control design was obtained using only a col-
located single pair of three-axis attitude sensor and torque ac-
tuator for the hoop/column antenna problem.

Performance degradation was observed due to the presence
of invariant zeros within the design bandwidth. These zeros
were unavoidable given the prescribed sensor/actuator loca-
tions and emphasized the fact that consideration should be
given to control aspects in the early design phase of large space
structures.

A modification of the standard linear-quadratic-
Gaussian/Ioop-transfer-recovery procedure was introduced in
which the robustness test was performed with the full compen-
sator instead of the intermediate Kalman filter design. This
approach was found to produce higher performance compen-
sators and helped overcome the basic conservativeness short-
coming of the linear-quadratic-Gaussian/loop-transfer-
recovery approach.
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